Summary: In a market with partial information we consider the optimal selection of portfolios for utility maximizing investors under joint budget and shortfall risk constraints. The shortfall risk is measured in terms of expected loss. Stock returns satisfy a stochastic differential equation. Under general conditions on the corresponding drift process we provide the optimal trading strategy using Malliavin calculus. We give extensive numerical results in case of a model for the drift as a Markov process with finitely many states. To deal with the problem of time-discretization when applying the results to market data, we propose a method to detect and correct possible tracking errors.
Introduction
In this paper we consider a financial market model which consists of a bank account with stochastic interest rates and n stocks whose returns (R t ) t∈[0,T ] satisfy
where W = (W t ) t∈[0,T ] is a n-dimensional standard Brownian motion. We allow for a stochastic drift process µ = (µ t ) t∈[0,T ] which may be independent of the driving Brownian motion. The investor's objective is to maximize the expected utility of terminal wealth for a finite time horizon T . We add two special features to this standard problem in mathematical finance: We assume that only the stock returns can be observed (partial information) and impose a constraint for the shortfall risk motivated by the extreme (risky) positions which typically arise in these models.
In detail, the stochastic drift process µ leads to a model with partial information since an investor can only observe the stock prices or returns, but neither the underlying Brownian motion nor the drift process directly. Then investment decisions have to be based on the knowledge of the stock prices only. In this context there are two popular models for the drift. The first uses some linear Gaussian dynamics (GD), see e.g. [21, 24] , while the second models the drift as a continuous time Markov chain with finitely many states. The latter model was proposed in [6] and we refer to it as hidden Markov model (HMM). It satisfies a lot of stylized facts observed in stock markets, cf. [30] , and efficient algorithms for estimating the parameters of this model are available, cf. [15] and the references therein. It turns out that the optimal investment strategies depend on the filter -the conditional expectation of the drift given the observation -and its dynamics. The filter for the first model is called Kalman filter and for the second model HMM filter. The filters can be described as solutions of one stochastic differential equation (SDE) and an ordinary differential equation for the second moment in the Kalman case and of one SDE in the HMM case. For more models that allow for finite dimensional filters we refer to [33] and the references therein.
To find the optimal terminal wealth in such a model with partial information is quite straightforward after a change of measure to the risk neutral probability measure which coincides with the reference measure for filtering. Then the market model can be transformed into a complete one with full information and martingale representation arguments guarantee existence and uniqueness of an optimal trading strategy. For GD explicit solutions for the problem of optimizing the terminal wealth are provided e.g. in [3, 21, 26, 27] . Utility maximization under a HMM model is investigated e.g. in [16, 23, 29, 32] . These approaches are generalized in [2] . We allow for non-constant volatility, cf. [16, 17] . So we start with a quite general model for µ and σ and only in the second part we shall concentrate on the HMM with constant σ to present explicit strategies and numerical examples.
When optimizing under partial information the optimal strategies are very risky since they lead to extreme long and short positions. This can result in a poor performance if we trade only daily, even bankruptcy might occur, cf. [27, 32] . On the other hand it is very convenient to use a continuous time model which allows to derive optimal policies explicitly. So we have to look for continuous time strategies which are more robust with respect to this discretization. This can be done by using so-called convex constraints on the strategy see e.g. [31] , dynamic risk constraints see [28] or static constraints which we have used in [8, 9, 10] and which play the key role in the present paper. For a broader picture and more references see [7] . Static risk constraints are an appropriate tool if we want to control the risk profile of the terminal wealth.
We investigate utility maximization under an additional constraint for the shortfall risk. Imposing such a constraint is also motivated by the observation that without risk constraint the distribution of the optimal terminal wealth often is quite skew: There is a high probability for the terminal wealth falling short a prescribed benchmark. This is an undesirable and unacceptable property e.g. from the viewpoint of a pension fund manager. On the other hand, imposing a strict restriction to portfolio values above a benchmark leads to a considerable decrease in the portfolio's expected utility. Thus it seems reasonable to allow for shortfall and restrict only some shortfall risk measure.
A very popular measure to quantify the shortfall risk is value at risk (VaR) which takes the probability of a shortfall into account. For utility maximization under bounded VaR it is known (see e.g. [1] ), that the losses may be larger than for the unconstrained optimization problem, since the magnitude of the losses below the benchmark plays no role for the risk measure. Therefore we use the so-called expected loss criterion resulting from averaging the magnitude of the losses. More precisely, for terminal portfolio value X T and shortfall level q > 0 we consider the risk constraint
where γ is some discounting factor and Q a probability measure equivalent to the reference measure P . If we drop the risk constraint (ε = ∞) , the utility maximization problem is the well-known Merton problem while the limiting case ε = 0 corresponds to the portfolio insurer problem, cf. [12, 13, 22] . If ε > 0 and the risk constraint is binding, there are two typical choices for Q. First Q = P , where P denotes the unique equivalent martingale or risk neutral measure: If we choose γ as the discount factor corresponding to the money market, the expected loss corresponds to the price of a derivative to hedge against the shortfall. So we may call this choice present expected loss (PEL), since by paying ε now, one can hedge against the risk to fall short of q. This criterion is called limited expected loss in [1] and analyzed thoroughly showing that the distribution of the resulting optimal terminal wealth has more desirable properties than a VaR based risk measure. Another choice would be Q = P , termed as future expected loss (FEL), since it corresponds to the (discounted) amount we have to pay at T to cover the loss. Utility maximization under bounded FEL has been studied for a Black Scholes model with constant parameters in [9] . In addition any other measure Q equivalent to P might be used.
In [10] we study in detail the existence and uniqueness of the optimal terminal wealth for the constrained utility maximization problem in a general complete market model and give conditions under which the optimal Lagrange multipliers exist. Here we show that a model with partial information satisfies the conditions in [10] and then compute the optimal trading strategies quite explicitly. A special feature of this paper is the extensive numerical part which also illustrates the findings of [10] . In addition we discuss an updating procedure for the trading strategy for the case that the current wealth deviates from the optimal wealth which happens quite often due to time discretization when applying the strategies. This updating is necessary, since under risk constraints the optimal fraction invested in the stock also depends on the wealth, even for logarithmic and power utility.
The paper is organized as follows. Section 2 gives a detailed description of the financial market model and of the basic filtering results which are used to transform the model with partial information into a complete market model. Section 3 formulates the utility maximization problem under risk constraints and classifies several cases arising for certain values of the bound ε and the measure Q. In Section 4 we give for a quite general drift process explicit representations of the optimal terminal wealth and the optimal trading strategies in terms of the filter for the martingale density and its Malliavin derivative. For the HMM model in Section 5 we describe the dynamics of this filter and its Malliavin derivative as solutions of SDEs and derive the optimal strategies in the PEL and FEL case. Section 6 is devoted to comprehensive numerical experiments illustrating the findings of the paper. We present efficient frontiers for visualizing the dependence of the optimal expected utility on the bound ε for the shortfall risk and study the influence of several parameters such as the benchmark q, the risk aversion parameter of the utility function, and the type of the risk measure (PEL, FEL). Moreover, we investigate the PEL-optimal terminal wealth as a function of the conditional martingale density and study its probability density function. Finally we are concerned with the problem of time-discretization which is of great practical importance when the optimal strategies are applied to market data. We propose a method for computing optimal strategies, where possible errors due to the time-discretization are detected and corrected.
NOTATION The symbol will denote transposition. For a vector v, Diag(v) is the diagonal matrix with diagonal v. For a matrix M , diag(M ) is the vector consisting of the diagonal of the matrix M . We use the symbol 1 n for the n-dimensional vector whose entries all equal 1. Moreover, F X = (F X t ) t∈[0,T ] stands for the filtration of augmented σ-algebras generated by the F-adapted process X = (X t ) t∈[0,T ] . We write x − for the negative part of x, i.e. x − = max {−x, 0}.
A market model with partial information
In this section we introduce for terminal trading time T > 0 a market consisting of one money market with interest rates r t ≥ 0, t ∈ [0, T ], and n stocks. The return process R = (R t ) t∈[0,T ] of the stock prices is given by
where W = (W t ) t∈[0,T ] is a n-dimensional standard Brownian motion on a suitable filtered probability space (Ω, F = (F t ) t∈[0,T ] , P ), where the filtration F satisfies the usual conditions. The n-dimensional drift process µ = (µ t ) t∈[0,T ] , the interest rates, and the n × n-dimensional volatility process σ = (σ t ) t∈[0,T ] are progressively measurable. For the latter σ t is non-singular for all t ∈ [0, T ]. The processes satisfy
where
all inequalities understood to hold almost surely. The stock prices S = (S t ) t∈[0,T ] are defined by dS 
We can identify investment in the money market with investment in a riskless asset S 0 ,
Optimal portfolio policies
we shall denote the corresponding discount factor. Further we introduce the excess return process R = (
Under partial information F r,S models the information available to the investor, so trading strategies have to be adapted w.r.t. F r,S . The case of partial information accounts for a realistic approach since information about stock prices and interest rates is publicly available while µ t and W t are not directly observable. Hence we have F r,S = F S and as a direct consequence we obtain by the definitions of R and
3)
The market price of risk is defined as ϑ t = σ
Then Z is a martingale and we can introduce a new probability measure P -the risk neutral measure -by
So P is equivalent to P . Girsanov's theorem guarantees that W = ( W t ) t∈[0,T ] with
is a Brownian motion under the risk neutral measure P . Thus also the excess return process
is a martingale under P ; and the price process has under P dynamics
We will model the dynamics of the volatility σ and the interest rate r under P using an F S -adapted process ξ which leads to a Markovian structure.
where ν and τ are R m -valued, and that σ t =σ(ξ t ), r t =r(ξ t ). Further we demand that ν, τ ,r, andσ are measurable and satisfy the usual Lipschitz and linear growth conditions. Assumption 2.3 implies the following result which shows that the observation filtration is a Brownian filtration and hence martingale representation results can be used to find optimal trading strategies in Section 4.
Proof: By (2.3) and (2.4) we have
On the other hand, the conditions of Assumption 2.3 guarantee that a strong solution (S, ξ) of the system of SDEs (2.5) and (2.6) exists, in particular it follows that
We shall denote the filter for µ t , the conditional expectation given information
Then we can define the innovation process
which is a F S -Brownian motion under P . So under P we now have dynamics
Note that in general we have the strict inclusion F V t ⊂ F f W t and only for special dynamics of µ the equality. But this imposes no problems for our analysis.
Remark 2.5 All processes in (2.7) are F S -adapted. Since under partial information trading strategies have to be adapted to F S , we can think of starting with this representation on a filtered probability space (Ω,
) and thus work in a model with full information. In this model we could introduce a change of measure by dP = ζ T dP | F S T , where
is a martingale, we get the corresponding Brownian motion
One can show that P = P | F S T , W t = W t and From now on we will only write P and W for the risk neutral measure and the corresponding Brownian motion and use the density process ζ = (ζ t ) t∈[0,T ] given by (2.8) . Only for computing the filters we have to deal with the underlying model.
We describe the self-financing trading of an investor by his initial capital x 0 > 0 and his n-dimensional F S -adapted trading strategy π = (π t ) t∈[0,T ] where π i t is the amount of money invested in stock i at time t. The corresponding wealth process
So for the discounted wealth process we find
(2.10)
Since the interest rates are positive, β t is uniformly bounded. Hence it is enough for (2.9) and (2.10) to be well defined that we require
A trading strategy satisfying this condition and X π T ≥ 0 will be called admissible. By A(x 0 ) we denote the corresponding class of admissible trading strategies for initial capital
Remark 2.6 If all assumptions can be verified and the filterμ can be computed, we do not have to rely on the underlying model. The transformed model (2.7) is a complete market model with respect to F S . So we can transfer corresponding results to our case as we will do in the next two sections.
Utility maximization under bounded shortfall risk
Following Remark 2.6 we will cite in this section results from [10] and provide some more interpretation. Substitutingμ for µ, F S for F, and ζ for Z in [10] , the results carry over to our situation, since (2.1), (2.2) and Assumption 2.2 imply (4), (5) and Assumption 1 in [10] . First we have to introduce the optimization problem.
A utility function U : [0, ∞) → R∪{−∞} is strictly increasing, strictly concave, twice continuously differentiable and satisfies the Inada conditions Given initial capital x 0 > 0 any terminal wealth X π T satisfies the so-called budget constraint
is a P -supermartingale due to (2.10) and the admissibility requirement X π T ≥ 0. Here, E denotes the expectation w.r.t. the risk neutral measure P .
As motivated in the introduction for shortfall level q > 0 we measure the risk by averaging the loss (X π T − q) − w.r.t. some probability measure Q which is equivalent to P . By Z Q we denote the Radon-Nikodym derivative of Q w.r.t. P . Further we use a strictly positive, F S T -measurable factor γ for discounting the loss and call the non-negative number
expected loss. For a given bound ε ≥ 0 the dynamic optimization problem under risk constraints is
The dynamic portfolio optimization problem can be splitted into two problems -the static and the representation problem. While the static problem is concerned with the form of the optimal terminal wealth the representation problem consists in the computation of the optimal trading strategy. We shall first consider the static problem and use for convenience a shorter notation: We write simply X T for the
We impose the following technical conditions.
They are not very restrictive, in particular (A3) comprises the special cases of (3.2) which are considered in the literature and which are introduced below.
Without risk constraint (ε = ∞), we face the Merton problem
The solution of the Merton problem is given by X 
If we allow an expected loss ε ≥ ε, then X M T would still be optimal with risk ε and thus the risk constraint not binding. In this sense we can use ε as an upper bound for ε. On the other hand there is no admissible solution of the problem, if we choose ε too small, because the risk constraint cannot be satisfied. So we need to find the smallest value ε of the shortfall risk measure for given initial capital x 0 , shortfall level q and measures Q and P .
If qE[Z 1 ] ≤ x 0 the bound ε ≥ 0 can be chosen arbitrarily small since X T ≡ q satisfies the budget constraint E[Z 1 X T ] ≤ x 0 and yields a risk measure of zero. Hence, for qE[Z 1 ] ≤ x 0 we can set the minimal shortfall risk to ε = 0.
Optimization problem (3.2) for ε = 0 is known as the portfolio insurer problem
The portfolio insurer problem admits for qE[
where 
In [10, Theorems 6, 7] we derived
The corresponding wealth is given in the first case by any X T with values in [0, q] and E[Z 1 X T ] = x 0 and in the second case uniquely by
For ε ∈ (ε, ε) where the risk constraint can be satisfied and is binding, there are two typical choices for Q. First we use γ = β T and Q = P (i.e. Z 1 = Z 2 ), then (3.2) reads as
The risk measure E[β T (X T − q) − ] is referred to as present expected loss (PEL). It corresponds to the price of a derivative to hedge against the shortfall. By paying ε now, one can hedge against the risk to fall short of q.
Remark 3.2
If an investor really splits his initial capital in x 0 − ε which is invested according to PEL to get terminal wealth X x 0 −ε T and buys the corresponding option with price ε and payout C = (X
− , then the combined payout corresponds to a portfolio insurer and maximizing expected utility of this total payout (including C) yields the same terminal wealth as (3.5). But that is only possible for qE[Z 1 ] ≤ x 0 , otherwise the budget constraint cannot be fulfilled in the portfolio insurer problem. So PEL becomes interesting when qE[Z 1 ] > x 0 which corresponds to a guaranteed level q which is higher (after discounting) than the initial capital. So the investor won't buy the option and use the price ε only as a measure of the risk he is willing to take to reach at least level q.
It is also reasonable to average the possible losses using the real world measure P . Therefore, another choice would be Q = P , termed as future expected loss (FEL),
This risk measure corresponds to the (discounted) amount we have to pay at T to cover the loss. In addition any other measure Q equivalent to P might be used in (3.1).
Optimal trading
In this section we present the form of the optimal terminal wealth which is the solution of the static problem (3.2) and denoted by X * T . Moreover we derive the optimal trading strategy π
we solve the dynamic portfolio optimization problem (3.1).
The following theorem gives the form of the optimal terminal wealth X * T depending on the bound of shortfall risk ε. This is Theorem 9 of [10] . Part (iii) corresponds to [1, Proposition 4] where it was shown under the assumption that an optimal solution exists. The different cases are similar to those derived in [14, Theorem 3.3] for risk measures based on strictly convex loss functions. We call the risk constraint binding, if it holds with equality for the optimal terminal wealth.
Theorem 4.1
The optimal terminal wealth X * T of problem (3.2) satisfies:
T is the unique optimal solution. For ε > ε the risk constraint is not binding.
(ii) If 0 ≤ ε < ε, then there is no solution.
(iii) If ε < ε < ε, then the optimal terminal wealth is given by X *
Here, y * 1 , y * 2 > 0 solve the following system of equations
There exist unique solutions of this system of equations and if
T is the unique optimal solution. The risk constraint is binding.
where X P I T is the portfolio insurer optimal terminal wealth, see (3.4), (3.5) .
We shall derive optimal trading strategies for the most interesting case, i.e. we assume ε ∈ (ε, ε). Then by Theorem 4.1 (iii) we have X *
T and y * 1 , y * 2 are the optimal unique parameters given by [25] . For details and suitable chain rules we also refer to [32] . For Y ∈ D 1,1 Clark's formula holds, cf. [19] :
Note that we use the convention that for m-dimensional Y , the matrix 
and Clark's formula for Y = β T X * T . This is the idea of Theorem 4.2 below which provides conditions that this approach works. We cannot apply standard chain rules directly since f is not differentiable on the set {(z 1 , z 2 ) : 
and w.r.t. the second variable
Moreover, we set
Theorem 4.2 Suppose that the conditions on the coefficients r, µ, σ in Section 2 are satisfied and that
Then an optimal trading strategy is given by
Proof: Since by Proposition 2.4 F S = F f W , this follows directly from [10, Theorem 18 ]. This theorem is applicable because by the arguments in Remarks 2.5, 2.6 and at the beginning of Section 3 we are in a complete market setting with respect to F S . 2
We shall now provide the optimal terminal wealth for two important cases discussed above. First we look at PEL, corresponding to a bound on the hedging price for the shortfall. 
and y P 1 > 0, y P 2 > 0 are given as the unique solution of
The PEL-optimal trading strategy is given by
Next we look at FEL, corresponding to putting a bound on the future expected shortfall.
Corollary 4.4 If Q = P and γ = 1 (i.e. Z 2 = 1) and the conditions of Theorem 4.2 are satisfied, then it holds for the FEL-optimal terminal wealth X * 
The FEL-optimal trading strategy is given by
For a general discount factor γ we simply had to substitute y To compute a strategy explicitly we have to determine the filters and therefore have to specify a model for µ. There are two typical examples for a process µ independent of W , a continuous time Markov chain or some linear Gaussian dynamics. Both models allow for the computation of finite dimensional filters and thus closed form solutions can be derived, cf. the introduction. In the next section we look at the Markov chain example.
A hidden Markov model for the drift
We look at a drift process given by µ t = BY t , i.e. at returns 
,l =k G kl is the rate of leaving e k and G kl /λ k is the probability that the chain jumps to e l when leaving e k . We assume a constant volatility matrix σ and a money market with constant interest rate r. For the treatment (without shortfall constraints) of non-constant r and σ we refer to [32] and [16, 17] , respectively.
Due to the constant parameters r, σ, B and the boundedness of Y (2.1), (2.2) and Assumptions 2.1, 2.2, 2.3 hold. In particular the density processes Z and ζ are martingales. We have to compute the filterŶ t for Y t ,
Note thatμ t = BŶ t . In view of (5.1) we are in the classical situation of HMM filtering with signal Y and observation R, where we want to determine the filterŶ
Furthermore, ζ
We shall look at PEL (Q = P ) and FEL with γ = 1 (Q = P ). Then we only have to compute the Malliavin derivative of ζ T . This is done in [32, Proposition 4.2, Lemma 4.4]:
The main assertions of the following theorem are that the conditions of Theorem 4.2 are fulfilled or follow easily from the conditions, and that the strategy can be computed based on the state of the unnormalized filter. Example 5.4 will show that all conditions hold for logarithmic and power utility. 
and I (yζ T ), I (yζ T − y 0 )1 {yζ T −y 0 >U (q)} ∈ L p ( P ) for some p > 1 and all y > 0, y 0 ≥ 0. Then the PEL-and FEL-optimal terminal wealth and the optimal trading strategy are given as in Corollaries 4.3 and 4.4, respectively. In particular, the optimal strategy reads
where f P (z) and f F (z) are defined in Corollaries 4.3 and 4.4, respectively, and the derivatives are defined piecewise. Moreover, D t ζ T is given in Proposition 5.2. Example 5. 4 We consider logarithmic utility U (x) = log(x) and power utility U (x) =
, α < 1, α = 0. Suppose α < 1 is fixed with α = 0 corresponding to logarithmic utility. Then I(y) = y 1 α−1 , in particular I(x y) = I(x)I(y) which allows us to verify the integrability conditions of Theorem 5.3 easily, and to derive for PEL and FEL
where β t,T = β T /β t and G
where ζ t,T = ζ T /ζ t . A not always straightforward computation yields
where E t,s = E s ζ t and the correction factors are given by
Note that the conditional expectations are w.r.t. the σ-algebra generated by the unnormalized filter E t and the current optimal wealth X P/F t which are known to the investor at time t. This allows to use Monte Carlo methods for their computation. 
Numerical examples
In this section we illustrate the findings of the previous sections. These numerical experiments are based on a financial market model where the drift follows a continuous time Markov chain with d = 5 states, volatility σ is constant and the interest rate r equals zero. For simulated stock prices we consider the maximization of expected power utility under bounded expected loss. The complete setting is described in Sections 6.1 and 6.2. Section 6.3 gives an overview of the numerical procedures we use to compute the required filter, optimal terminal wealth and the optimal strategy based on discrete-time observations of the stock prices. Section 6.4 is devoted to the description of the optimal terminal wealth. We present efficient frontiers for visualizing the dependence of the optimal expected utility on the bound ε for the shortfall risk and study the influence of several parameters such as the benchmark q, the risk aversion parameter α of the utility function, and the type of the risk measure (PEL, FEL). We compare the probability density function of X P T , its expectation and expected utility with the corresponding results for the pure stock portfolio and the optimal portfolios for maximum and minimum values for the risk bound ε, i.e. for ε = ε P and ε = ε P , respectively. The optimal strategies generating the optimal terminal wealth are presented in Section 6.5 for two simulated paths of the stock price. In Section 6.6 we propose a method for computing optimal strategies, for which possible errors due to the time-discretization are detected and corrected.
Parameters of the financial market
We consider a market consisting of a risk-free asset with interest rate r = 0 and one stock (n = 1) with constant volatility σ = 0.25 and drift process µ modeled as a continuous-time process is not observable since he only observes the daily stock prices (bottom left) orequivalently -the daily returns (bottom right). The investor estimates the unknown drift µ t from the available stock prices resp. returns using the filter
Here, we get the unnormalized filter E t solving SDE (5.2) using M time-steps. From E t the filter ζ t for the martingale density Z t can be obtained via
The resulting filter µ can be seen in the top left plot of Figure 6 .1. Comparing µ with the states of the drift we observe that µ is rather close to the ergodic mean µ (dashed line). However, the subsequent results indicate, that the investor can benefit from this information contained in the filter by choosing an appropriate investment strategy.
Parameters for the portfolio optimization
We consider an investor with terminal trading time T = 1 (year) and initial capital x 0 = 1. The investor's utility function U , by which the terminal wealth is evaluated, is taken from the family of CRRA-utilities:
power utility log x for α = 0 logarithmic utility. in the definition of U does not affect the optimization. It is sometimes convenient since for the shifted utility it holds U (1) = 0 for arbitrary α and lim α→0 U (x) = log x. We measure the risk that the terminal wealth falls short of benchmark q by present and future expected loss PEL and FEL, respectively. Since we assume r = 0, it holds
while for FEL we have Z 2 = 1. We consider two cases for the benchmark: q = 0.95 and q = 1.05. Note that for q = 0.95 portfolio insurance is possible since x 0 ≥ E[Z 1 ]q = q by (6.1). The minimal shortfall risk is ε = 0. For q = 1.05 > x 0 there is no admissible solution for the portfolio insurer problem and we have a strictly positive ε. Table 6 .1 shows for the considered benchmarks q the bounds ε chosen in the examples below and the minimal and maximal shortfall risks ε P , ε P and ε F , ε F for PEL and FEL, respectively. Using (6.1), it turns out that the optimal terminal wealth for the different optimization problems can be written as a function f (ζ T ) of the conditional martingale density and of one or two Lagrange multipliers. In particular, by Corollaries 4.3 and 4.4
Moreover, we recall and introduce the following notation
The optimal terminal wealth X 
Numerical Approximations
To determine PEL-and FEL-optimal terminal wealth in Corollaries 4.3, 4.4 we have to solve the following system of equations to determine the optimal Lagrange multipliers y * 1 , y * 2 : g 1 (y 1 , y 2 ) = x 0 and g 2 (y 1 , y 2 ) = ε (6.2)
The functions g 1 and g 2 of y 1 , y 2 are nonlinear. In [10, Section 6] we prove that under suitable conditions there exists a unique solution (y * 1 , y * 2 ) of the equations (6.2). Moreover that paper studies properties of the functions g 1 (y 1 , y 2 ) and g 2 (y 1 , y 2 ), in particular of their partial derivatives. Based on these properties we propose a nested Newton iteration for the numerical solution of the two equations, see [10, Remark 17] . For the other optimization problems, we find X 
where f P (z) = f P (z; y
, respectively. We obtain the optimal strategies π M t , π P I t , π P M t for the Merton, the portfolio insurer problem and the PELconstrained optimization for minimal risk ε = ε P for x 0 < q, if we replace in (6.3) f P/F (z) by f M (z; y M ), f P I (z; y P I ) and f P M (z; y P M ), respectively. This can be proven by similar arguments as in Section 4 and 5. For FEL-constrained optimization for minimal risk ε = ε F representation (6.3) does not hold for the optimal strategy π
There is a jump of size q at z = 1/y F M . The conditional expectation in (6.3) cannot be evaluated explicitly but has to be approximated by a Monte-Carlo estimate. The aim is to compute at time t the optimal strategy based on the observation of the stock prices up to time t. From (S u ) u∈[0,t] we get the unnormalized filter E t , which can be computed numerically as solution of (5.2). By (6.3),
For the Monte-Carlo estimate of the conditional expectation given E t = x we generate N realizations of ζ T and D t ζ T starting at t with E t = x. We denote them by ζ t,x T and Figure 6 .2 Efficient frontier for PEL-optimal (top) and FEL-optimal (bottom) portfolios, power utility with α = 0.5, benchmarks q = 0.95, 1, 1.05
To this end we simulate N paths of W under P . From these we get N paths of the unnormalized filter E t,x s , s ∈ [t, T ], as solution of
which results from SDE (5.2) using dR t = σd W t . From the terminal value E t,x T we get N realizations of the conditional martingale density via ζ
Observing dR t = σd W t , the realizations for the Malliavin derivative (D t ζ T ) t,x can be obtained from the SDEs in Proposition 5.2 using the same N paths of W . The SDEs are discretized using the Euler scheme with M time steps. For the second SDE describing the dynamics of the Malliavin derivative (D t E s ) t,x of the unnormalized filter we apply robust filter techniques, see [27] . Finally, given E t = x the optimal strategy is given by
and can be approximated using the sample mean of f P/F (ζ
The same procedure can be applied for the evaluation of the optimal strategies π M t , π
Optimal terminal wealth
Next we illustrate properties of the PEL-and FEL-optimal terminal wealth. We start with efficient frontiers by which the influence of several parameters can be studied and visual-ized. Efficient frontiers are known from the Markowitz portfolio theory where the "return" of a portfolio is measured in terms of the expected terminal wealth and the "risk" by its variance. Every admissible portfolio can be plotted in the "risk-return space", and the collection of all such possible portfolios defines a region in this space. The curve along the upper edge of this region is known as efficient frontier. It represents those portfolios which have the lowest risk for a given level of return. Conversely, for a given amount of risk, the portfolio lying on the efficient frontier offers the best possible return. We adopt this approach replacing "return" by expected utility of terminal wealth and "risk" by expected loss. Given the bound ε for the expected loss (measured by PEL or FEL) the optimal portfolio maximizes the expected utility E[U (X T )] among all admissible portfolios whose shortfall risk does not exceed ε. Denoting this optimal terminal wealth by ε X * T , the efficient frontier plots the maximal expected utility E[U (
In case of ε < ε there are no admissible portfolios and for ε = ε it holds
Thus the efficient frontier can be drawn for ε ≥ ε only. 
The points on and below the frontier correspond to admissible portfolios with risk measure bounded by ε. The pure stock portfolio is represented by a marker for each value of q. While the expected utility of the pure stock portfolio does not depend on the benchmark q, the corresponding values for the risk measures increase with increasing q. Thus the 3 markers are on a horizontal line. The higher we choose the benchmark for fixed ε, the lower is the maximum expected utility. For q ≤ x 0 = 1 the minimal risk ε is zero since portfolio insurance is possible. For q > x 0 we have positive ε which is for q = 1.05 in case of PEL ε = q − x 0 = 0.05 and for FEL ε = qP (y F M ζ T > 1) ≈ 0.030. Note that for each efficient frontier the values of ε and ε are visualized by vertical lines. Figure 6 .3 shows the corresponding efficient frontiers for fixed benchmark q = 1.05 and different utility functions (α = 0.5, 0, −1). Note that α = 0 corresponds to logarithmic utility. For fixed ε the maximum expected utility decreases if the relative risk aversion 1−α increases. Since X F M T equals zero with positive probability, the expected utility of X F M T for α ≤ 0 is −∞. The risk of the pure stock portfolio does not depend on the parameter α. Thus the 3 markers are on a vertical line.
Next, we have a closer look at the form and the distribution of the optimal terminal wealth. For power utility with α = 0.5 and risk measured by PEL, we consider two cases:
(A) q = 0.95 and ε = 0.05 (B) q = 1.05 and ε = 0.1. In case (A) portfolio insurance is possible, i.e. the minimal shortfall risk is ε = 0 while the maximal risk is ε ≈ 0.183. In case (B) we have strictly positive minimal shortfall risk ε = q − x 0 = 0.05, the maximal risk is ε ≈ 0.248, see Table 6 .1. 2 )ζ T ) < q (bad states), i.e. the portfolio falls short. Again the form of the terminal wealth corresponds to that of the Merton portfolio but with multiplier y
In the intermediate region between z l and z u we have X P T = q, i.e. the investor manages the portfolio such that the benchmark q is reached exactly and thus prevents a shortfall.
Comparing with the Merton-optimal portfolio it can be observed that the PEL-optimal terminal wealth is smaller in the good states but larger in the bad states. There are less cases where the portfolio falls short and if the shortfall occurs, then there are smaller losses. For the portfolio insurer problem in case (A), where q = 0.95 < x 0 , we have X for the minimal risk (ε = ε = 0.05) never exceeds q. Only for large ζ T the portfolio falls short and X P M T is strictly smaller than the benchmark but always larger than X P T , where the shortfall risk constraint is less restrictive.
Next we look at the distribution of the terminal wealth. For both cases (A) and (B) Figure 6 .5 shows the probability density functions (for the absolutely continuous part) of the distribution of the terminal wealth of the PEL-optimal portfolio. For comparison we also plot the densities for the Merton-, the PI-resp. PM-optimal portfolios, and the density for the pure stock portfolio where the investor invests all his money in the stock. Table 6 .2 gives the expected terminal wealth E[X T ], expected utility E[U (X T )], and the present expected loss E[(X T − q) − ] for the considered portfolios. The Merton strategy generates (by definition) the maximum expected utility but among the considered portfolios it also exhibits the largest shortfall risk. There is a large probability for values in the "shortfall region" [0, q) leading to large values for PEL. On the other hand there are considerable tail probabilities leading to a high value for the expected (utility of) terminal wealth.
Imposing the risk constraint, i.e bounding PEL by ε, results in a shift of probability mass from that "shortfall region" as well as from the upper tail of the distribution to the benchmark q. This atom at q carries a probability mass of size P (X P T = q) = P (z l < ζ T ≤ z u ) which is about 0.516 in case (A) and 0.529 in case (B), i.e. more than one half of the total mass. In the density plot the atom is marked by a vertical line at q. Another consequence is the decrease of the expectation for the terminal wealth and its utility. However, it can be observed that the PEL-optimal portfolio outperforms the pure stock portfolio w.r.t. both expected utility and PEL.
Decreasing the bound ε to the smallest possible value ε increases the probability mass of the atom at q and further decreases the expected utility. In case (A) portfolio insurance is possible and we have ε = 0. Here, the PI-optimal portfolio never falls short and it holds P (X P I T > q) = 1 − P (X P I T = q) where the atom at q is P (X P I T = q) ≈ 0.820. For case (B) it holds ε = q − x 0 = 0.05. Here the terminal wealth X P M T does not exceed the benchmark q. For the atom we find P (X P M T = q) ≈ 0.822 and for the shortfall probability we find P (X
Optimal strategy
For illustrating properties of the optimal trading strategies we restrict to case (B) where q = 1.05 > x 0 and ε = 0.1 and consider two scenarios for the stock prices. Based on the parameters in Section 6.1 we have simulated several paths of S and out of these paths we have selected a "good path" and a "bad path" where the latter together with the corresponding path of the drift and its filter can be seen in Figure 6 .1.
Figures 6.6 and 6.7 show in the bottom plots (among other curves) the paths of the stock prices for S 0 = x 0 = 1. For the "good path" the pure stock and the Merton-optimal portfolio end above the benchmark while for the "bad path" the opposite is true. The top plots show the corresponding strategies in terms of fraction of wealth π t /X t invested in Expected Expected Present expected loss q = 0.95 terminal wealth utility Table 6 .2 Expected terminal wealth, expected utility and PEL for PEL-, Merton-, PI-optimal and pure stock portfolio; power utility with α = 0.5; top: case (A), bottom: case (B).
the stock. For the pure stock portfolio we have a buy-and-hold strategy, i.e. this fraction equals 1. The Merton-, PEL-and PM-optimal strategies have been computed by estimating for each time step the conditional expectation in (6.3) from N = 1000 realizations of ζ T and D t ζ T . Obviously trading according to the optimal Merton strategy is quite risky and often requires extreme positions in the stock. For example, following the optimal strategy requires that the investor has to borrow an amount of four to six times the initial capital for investing in the risky stock. For the "good path" we are faced with a considerable smaller terminal wealth compared to the Merton-optimal portfolio but we reach nearly the terminal wealth of the pure stock portfolio and we end above the benchmark. Bounding the shortfall risk by imposing a risk constraint decreases the extreme positions of the Merton strategy. However, if the PEL-optimal wealth X P t is above the benchmark and especially when t approaches T the PEL-optimal strategy is rather close to the Merton-strategy and thus just as risky. Since the wealth is above the benchmark, shortfall seems to be "unlikely" and this allows for riskier investments. The PM-optimal portfolio strategy is close to the bond strategy. After the wealth X P M t reaches the benchmark q at t ≈ 0.4 the wealth stays at this level and the strategy turns over to the pure bond strategy.
For the "bad path" we also observe a decrease of the short positions for the PEL-optimal strategy compared to the Merton-optimal strategy. Contrary to the "good path" these differences are much stronger and do not vanish close to T . Moreover, it can be seen that the PEL-optimal strategy finally approaches the pure bond strategy π t ≡ 0. By this strategy the PEL-optimal wealth is driven exactly to the benchmark q. So this strategy prevents the portfolio from falling short of q which is the case for the Merton-optimal as well as for the pure stock portfolio. Comparing the PM-optimal (for ε = ε = 0.05) with the PEL-optimal strategy (for ε = 0.1) it can be observed, that the PM-strategy is less riskier. This strategy approaches the pure bond strategy earlier and remains there until horizon time T while the wealth stays at the benchmark q. Note that the PM-optimal wealth approaches for t → T Figure 6 .6 "Good path": strategies in terms of fraction of wealth π t /X t (top) and wealth X t (bottom) for the PEL-, Merton-, PM-optimal and pure stock portfolio a constant which is slightly smaller than the benchmark q. This deviation results from discretization errors which are investigated in the next section.
Updating
In practice and even in a simulation experiment we have to take into account that contrary to our model assumptions the portfolio cannot be readjusted continuously but only at M discrete trading times t i = i∆t, i = 0, . . . , M − 1, ∆t = T /M . Moreover, instead of the theoretical optimal strategy π * t we only know an approximation A π * t since we have to approximate E and ζ, which we need for its computation, based on discrete-time observations of the stock prices. Further, the conditional expectations we need are evaluated using Monte-Carlo methods. Therefore, instead of the theoretical optimal wealth X * t i resulting from the wealth equation (2.10), we have in practice the actual wealth
and are faced with a tracking error
The examples in Section 6.5 show that optimal strategies based on a HMM model for the drift can be very risky. There are extreme long and short positions in the Figure 6 .7 "Bad path": strategies in terms of fraction of wealth π t /X t (top) and wealth X t (bottom) for the PEL-, Merton-, PM-optimal and pure stock portfolio stocks. Indeed, imposing a risk constraint decreases these extreme positions if we compare with the unconstrained (Merton) case but they can still be considerable. Application of t for the risk is smaller than the corresponding minimal risk ε t of a portfolio starting at time t with initial capital A X * t . For the theoretical values this is impossible, so we assume that the difference N ε * t − ε t is negative but close to zero. In this case one may follow the optimal strategy for the risk minimizing case. For this example we have chosen a path of the stock prices which is at T below its initial price S 0 = 1 and in particular below the benchmark q = 1.05. In Figure 6 .8, when t approaches T , the approximation A π P t turns into the pure bond strategy π t ≡ 0 ensuring a theoretical terminal wealth X P T = q and preventing a shortfall. An investor who trades daily and readjusts the portfolio weights according to A π P does not generate the theoretical terminal wealth X P T = q. Instead the investor's portfolio incurs a shortfall. Contrary to A π P , for the updated strategy δ π P the terminal wealth (nearly) reaches the benchmark q which is in this example the theoretical terminal wealth for the original optimal Lagrange multipliers y P 1 , y P 2 . Note, that in general the updated actual wealth does not reach the (not updated) theoretical optimal wealth, it can be larger as well as smaller.
Finally, we want to investigate the impact of the updating procedure on the distribution of the terminal wealth. For parameters as above we generate L = 500 paths of µ and W and simulate the resulting stock prices S and stock returns R which we use as observations. For each of these 500 observation paths we compute the corresponding filters and the terminal wealth δ X P T of portfolios following the PEL-optimal strategies (i) without updating (δ = ∞) (ii) with updating for threshold δ = 0.01.
In both cases we get a sample of L values for the terminal wealth δ X P T from which we estimate the mean value, the expected utility, the risk measure PEL, the shortfall probability and the probability density function. These quantities we want to compare with the corresponding theoretical values.
The distribution of the theoretical optimal terminal wealth X P T is absolutely continuous on R \ {q} and contains an atom at the point {q}. This causes problems in the density plots. Therefore we use a histogram like representation for the interval (q − c, q + c], where c = 0.02. Consistently we compute the shortfall probability as P (X P T < q − c). Figure 6 .9 compares the estimates for the probability density function of the terminal wealth ∞ X P T without updating (δ = ∞) and the corresponding wealth δ X P T generated by the updated strategy with the "theoretical" density of X P T = f P (ζ T ), obtained from a sample of N = 10 7 realizations of ζ T . Note that there is a logarithmic scaling of the vertical axis. The density plot indicates, that without updating the distribution of the terminal wealth ∞ X P T is considerably different from the theoretical distribution. Probability mass from the atom at the benchmark q is shifted to (a) the shortfall region (0, q), this increases the shortfall probability as well as the expected loss; (b) the region (q, ∞), this compensates partly the "loss" of expected utility and terminal wealth resulting from the high probability for values smaller than q.
Updating clearly improves the approximation of the theoretical density, in particular in the region (q, ∞). Since a part of the probability mass of the atom at q is still shifted Table 6 .3 Expected terminal wealth, expected utility, risk measure PEL and shortfall probability for the PEL-optimal portfolios with updating for threshold δ = 0.01, without updating (δ = ∞) and corresponding theoretical values.
to the shortfall region (0, q), we observe only slight improvements in the expected values given in Table 6 .3. This table gives estimates for expected (utility of) terminal wealth, PEL and shortfall probability for applying the PEL-optimal strategies with and without updating. The last row contains the corresponding estimates for X P T = f P (ζ T ) using N = 10 7 realizations of ζ T which we call "theoretical" values. For assessing the estimation error we give in parentheses the tolerance values ∆ of asymptotic confidence intervals of the form [m − ∆, m + ∆] for error probability 5%. Here m denotes the point estimate for the above expectations. The portfolios following the approximated optimal strategies (with and without) updating do not reach the theoretical maximum expected utility E[U (X P T )] ≈ 0.05 and they also fail to fulfill the risk constraint since their expected loss is larger than ε = 0.1. Updating results in an improvement but there is still a considerable gap to the theoretical values. This has to be expected since once we lose track of the optimal portfolio we can only do the best given the current wealth. The updating avoids a worse scenario, but one cannot make up for the losses made so far.
